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Outline 

Review some basic notions of grasping!
Limited scope:!
•  Form/Force closure!
•  Quasi static grasping – geometry & forces  !
•  Only First-Order – and no Stability!
•  No grasp planning!
•  No dynamic grasp acquisition!

•  Grasping with and without hands!



Grasping Literature Examples 



Grasping with and without a hand 

Are hands important for grasping?!

In what specific sense?!

What notions are hand-independent, and what are hand-
specific?!

We focus on the immobilization problem!



Form Closure 

Form-closure: the ability to prevent motions of the 
constrained object, relying only on unilateral (contact) 
constraints. !

!Pins at the contact points indicate that only motions of the object that 
cause penetration of the pin in the object are prevented by that 
constraint. !

Reuleaux [1875]: 2D FmC  at least 4 contact points!
Somov [1900]: 3D FmC  at least seven contact points!



Form Closure: Notation and Equations 

!. !
The velocity (in base frame) of the i-th contact point is !

The non-penetration constraint is expressed as!

Juxtaposing for all contacts, in matrix notation we have!

                                           and!



Form Closure: Definition 

Definition: A set of contact constraints is FORM CLOSURE 
if there exist no object motion (twist) which does not 
violate at least one constraint!

Form Closure!

Not Form Closure!

Partial Form Closure!



Form Closure: Definition 

Definition: A set of contact constraints is FORM CLOSURE if every 
object motion (twist) violates at least one constraint!

A Linear Programming Problem:!

The existence of a feasible solution for this problem is a necessary and 
sufficient condition for negating the form-closure property.!

NB: Feasibility only is important. Vector feR”    is arbitrary and inessential.  
If              is interpreted as a force,    could be regarded as the 
corresponding object velocity  [Trinkle, 1992]). The LP formulation lends 
itself to algorithmic techniques, such as dualization [Cheng & Orin 1990]!

Strictly speaking, the concept of “force" is inessential to form-closure and 
can be altogether avoided in its treatment. !



Form Closure: Elementary Theorems 

By observing the constraint                   one has directly!

If the constraint matrix is full row rank, using the theorem of 
the separating hyperplane from duality theory in linear 
programming, we get!



Numerical routines are available that provide simple tests for 
either formulation of the problem. !

Other equivalent, more geometric  reformulations of the FmC 
test have been derived and used in the literature to obtain 
insight. Proposition 2 is equivalent to requiring that !

1)  The convex hull of the columns of  GN, CH(GN) , contains 
a neighborhood of the origin ([Mishra et al., 1986])!

2)  No plane through the origin and containing any two column 
vectors of GN is a supporting hyperplane of CH(GN) ([Chen 
and Burdick 1993]).!

Form Closure: Elementary Theorems 



Form Closure: Example 



Partial Form Closure 

 In many cases, even though complete  
form-closure may not be verified, contact  
constraints partially restrain the motions !

    of the object. !
Actually, these cases are very relevant to workpiece 

fixturing and dextrous manipulation:!
1)  There must exist feasible motions for the workpiece in 

the vicinities of the designated configuration to put it 
there, or remove it after machining;!

2)  In fine manipulation operations, human hands constrain 
in turn only some motions of the object while setting 
others free to slip (Fearing [1986], Brost [1988], Brock 
[1988], Cole et al. [1992],  Chen and Burdick [1993]) !



Partial Form Closure 



Partial Form Closure 

From face form to span form:!
!All free object motions belong to a convex polyhedral 
cone, hence can be described as a positive linear 
combination of a finite number of basis vectors !



Form Closure: Summary 
•  The ingredients of FmC are !

•  The object shape!
•  The position and direction of contact constraints!

•  FmC is a purely geometric concept: !
•  No consideration of contact forces!
•  No consideration of the kinematics of the grasping hand!
•  It can be treated by linear and convex programming techniques!

•  FmC test function:   T(c,N) {0,1}!
•  Qualitative (yes/no) FmC analysis is a solved 

problem!
•  Synthesis of (partial) FmC is not!



Force Closure 
The notion of force-closure is less unanimous.!
The intuitive meaning of FcC is that motions of the grasped 

object are (completely or partially) restrained despite 
whatever external disturbance, by virtue of suitably large 
contact forces that the constraining device (the end-
effector) is capable to exert on the object.!

Hence, FcC differs from form-closure because it must take 
into account the actual capability of the hand to actively 
exert contact forces. !

This introduces two new ingredients!
1)  Frictional Forces!
2)  The Hand (!)!



Force Closure and Friction 

Perhaps, the distinction between FmC and FcC that is most 
often made in the literature is that frictional contact 
forces are introduced in FcC !

Coulombʼs Friction Cone Inequality!

Force/Torque Balance!

“Do there exist forces that !
1)  Balance an arbitrary external load (wrench), and!
2)  Verify all friction constraints?” !

The wrong question…!



Force Closure and Frictional Form Closure  
!The frictional nature of contacts is inessential for 2D grasps, 
and of limited relevance in general.!

!FcC for a frictional 2D grasp with a hand that can arbitrarily 
control contact forces is equivalent to a FmC problem!
!In 3D, the same holds for polyhedral friction cones !
!Frictional Form Closure a better name!



Force Closure and the Grasping Hand  

It is the HAND that makes the difference! !

?! FcC! Not!
FcC!



Force Closure: Notation and Equations  

 External load (wrench) w!
 Grasp matrix G (fat)!
 Contact forces p!

Friction Constraints !

 Given w, which p? !

 A   : Right inverse of !
       : a basis of internal forces subspace!
By changing x, squeezing forces are changed: if for every 

w it is possible to find x such that friction constraints are 
verified, than one has FcC!



 Hand joint torques τ	


 Hand Jacobian J (thin)!

 Jacobian not invertible in general !  can not apply 
arbitrary contact forces p!!

Grasp 
Matrix:!
3x6!

Hand 
Jacobian:!
6x1 !

Hand 
Jacobian:!
6x1 !

Force Closure and the Grasping Hand  



Force Closure and the Grasping Hand  

Not all internal forces may be controlled by a real 
hand! !

Internal force 
subspace is 3-d !

Controllable  
internal force 
subspace is 1-d !

Controllable  
internal force 
subspace is 0-d !

Rule of thumb: you can never control more internal 
forces than the number of actuators. But can be less…!



Force Closure and the Grasping Hand  

5 contact points!
15 contact forces !
15 joints!
- ok!

5 contact points!
15 contact forces !
10 joints!
- ?!



Santello et al. (1998) investigated the hypothesis that “learning to select 
appropriate grasps is applied to a series of inner representations of the hand of 
increasing complexity, which varies with experience and degree of accuracy 
required.!

  5 subjects were asked to shape their 
hands in order to mime grasps for a large 
set (57) of familiar objects;!

  joint values were recorded with a 
CyberGlove;!

  Principal Components Analysis (PCA) 
of these data revealed that the first two 
Principal Components or postural 
synergies account for            of the 
variance, first three           ;!

  PCs (eigenvectors        of the 
Covariance Matrix) can be used to define 
a basis for a subspace of the joint space.!

ashtray	
  

zipper	
  

PC	
  mouse	
  

beer	
  mug	
  

frying	
  pan	
  

THE Hand Embodied: Postural Synergies 

Santello, Flanders, Soechting !
J. Neuroscience, 1998!



THE Hand Embodied: Shape of Synergies 

Postural synergies (aka synergies or eigengrasps or principal grasp components) 
are the eigenvectors of the joint data covariance matrix;!
First synergies contain most of hand posture information; 
Higher-order synergies used for fine adjustments!

PCs can be collected in a synergy matrix:!

(1-­‐st	
  synergy)	
   (2-­‐nd	
  synergy)	
   (3-­‐rd	
  synergy)	
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THE Hand Embodied: Highlights 

THE Hand = Cognitive organ!
 active touch and its physical embodiment;!

 How the embodiment constraints affect and 
determine the learning and control strategies  

 What is the conceptual structure and the geometry 
of such enabling constraints:  

 motor synergies: correlations in 
redundant hand mobility 

 sensor synergies: correlations in 
redundant receptors (cutaneous, 
kinaesthetic, multi-cue integration 
and saliency) 

 sensorimotor synergies 



Force Closure and Synergies  

5 contact points!
15 contct forces !
10 joints!
- 1 synergy…!



Force Closure: Notation and Equations  

 Hand joint torques τ	


 Hand Jacobian J (thin)!

 Jacobian not invertible in general !  can not apply 
arbitrary contact forces p!!

Grasp 
Matrix:!
3x6!

Hand 
Jacobian:!
6x1 !

Hand 
Jacobian:!
6x1 !



Active Internal Forces 

Q: What internal forces at equilibrium are modifiable at will 
in a given grasp? !

! ! ! !  The rigid-body model of grasp is !
! ! ! !   statically indeterminate – no !
! ! ! !   way to determine p for given!
! ! ! !    w and t !!

Undergrad mechanics: must introduce congruence and 
constitutive equations – i.e. compliance !



Active Internal Forces: Hand Compliance 

The stiffness matrix of a hand takes into account both 
structural compliance at the contacts, Cs, and joint-level 
compliance, Cq !

Overall stiffness matrix!

contact 
compliance!

joint 
compliance!



Force Distribution in Grasping with Hands 

! ! ! !  !
Well posed!

The particular solution tp = GRw   of the force distribution problem (1) is not 
unique, since G in general admits infinitely many right inverses. !
However, we expect a unique solution to the following problem:!

Force distribution problem.  
An object, at equilibrium under an external load wo and contact forces to, is     
subject to an additional load w, while all other parameters (namely t ) are kept 
constant. Determine the values of contact forces at the new equilibrium.!
The unique solution, which  minimizes  
the elastic energy and is invariant with  
coordinate transforms, is !



Internal Forces in Grasping with Hands 

•  Internal Forces: !
•  Not all internal forces are active (controllable) acting on 

the joints!
TH: The set of contact forces which can be actively 

controlled is a linear subspace of!

PLV !

!hence!

and  ! !!



Preload  Forces in Grasping with Hands 

•  Preload Forces:  

!The set of passive contact forces is a linear subspace!

Notice: !
•  The subspace of active forces changes with compliance!
•  The subspace of passive forces does not!
Consequence: to study grasp with hands, consideration of 

compliance is unavoidable.!

In summary:!



Force Closure 

 External load (wrench) w!
 Grasp matrix G (fat)!
 Contact forces p!

Friction Constraints !

 Given w, which p? !

 A   : Right inverse of !
       : a basis of internal forces subspace!
By changing x, squeezing forces are changed: if for every 

w it is possible to find x such that friction constraints are 
verified, than one has FcC!



Force Closure and Quality Measures 

The Force Closure problem is convex (observed first by 
Nakamura)!

Effective methods exist to find controllable internal forces 
that maximize distance from friction and other constraints 
(e.g. max. force).!



Force Closure: Summary 
•  The ingredients of FmC are !

•  The object, w/h the position and direction of contact 
constraints!

•  The HAND!!
•  FcC is a quasi-static concept: !

•  FcC test function:   T(c,N,J,K) {0,1}!
•  Qualitative (yes/no) FcC analysis is a solved 

problem!
•  Force optimization is a solved problem!
•  Design of hands for optimizing grasps and 

minimizing complexity is completely open !



Extensions 
In	
  extending	
  the	
  analysis	
  to	
  the	
  dynamic	
  actuaJon	
  of	
  biomorphically	
  
designed	
  devices,	
  it	
  is	
  important	
  to	
  take	
  into	
  account:	
  

  contact	
  points	
  movements	
  due	
  to	
  rolling;	
  
  tendon	
  actuaJon	
  (unidirecJonal);	
  

  fulfillment	
  of	
  contact	
  
constraints	
  for	
  every	
  
limb	
  pairs;	
  

  model	
  of	
  elasJcity	
  in	
  
the	
  system;	
  

	
  	
  	
  	
  PerspecJve:	
  no	
  more	
  
hand+object,	
  rather:	
  
tensegrity	
  structure	
  
and	
  each	
  limb	
  per	
  se.	
  



Object	
  

Models for Rolling Kinematics 
Finger	
  

Palm	
  

Contact	
  	
  frames	
  

Rolling	
  Contact	
  EquaJons	
  (SoH	
  Finger	
  Model)	
  

ConvecJve	
  coords	
  

(video)!



Preliminary results 

Lateral view 
(video)!

Perspective view (video)!

Contact evolution view 
(video)!



Conclusions 

•  The embodiment (the hand) is important in 
grasping!

•  The hand compliance is important!

•  Some problems are solved, some problems are 
open!


